Introduction. A nonzero integer
(1 − e 2πimz ).
We note for future reference that η(iy) and e This formula has been extended to arbitrary discriminants d by Kaneko [8] , Nakkajima and Taguchi [10] and by Kaplan and Williams [9] , who showed that , where p runs through the primes dividing f , p
is the largest power of p dividing f , and
We remark that p always denotes a prime in this paper.
The cosets of the subgroup of squares in H(d) are called genera, and we denote the group of genera of discriminant d by G(d). The identity element of G(d) is called the principal genus. It is known that the order of G(d) is 2 t(d)
, where t(d) is a nonnegative integer. When d is fundamental, Williams and Zhang [16] have extended the Chowla-Selberg formula to genera. They 
w(∆)h(d) 2 t(d)+3 h(∆)
where ε d 1 denotes the fundamental unit (> 1) of the real quadratic field
is defined in (2.8) , and the set F (d) is defined in Definition 2.1. If we multiply formula (1.7) over all the 2
, we obtain the original formula (1.5) of Chowla and Selberg as
In this paper we extend the Chowla-Selberg formula for genera to arbitrary discriminants d. We prove
In order to prove this theorem, we first derive an explicit formula for the number R G (n, d) of representations of an arbitrary positive integer n by the classes of a given genus G of discriminant d (see Theorem 8.1). We recall that an integer n is said to be represented by the form (a, b, c) if there exist integers x and y such that n = ax 2 + bxy + cy 2 .
We set
where we have included the discriminant d = b 2 − 4ac in the notation for use later on. If the forms (a, b, c) and (a , b , c ) belong to the same class
We also set
The formula for R G (n, d) given in Theorem 8.1 shows that the Dirichlet series
converges for s > 1 and can be expressed as a finite linear combination of products of pairs of Dirichlet L-series (Theorem 10.1). Our main result (Theorem 1.1) then follows by applying Kronecker's limit formula (see for example [13, Theorem 1, p. 14) .
We conclude this introduction by indicating some instances when Theorem 1.1 can be used to evaluate some elliptic integrals of the first kind. We recall that for 0 < k < 1 the complete elliptic integral of the first kind K(k) is defined by
The elliptic integral K(k) can be determined for certain values of k as follows: let λ > 0 be such that the values of η(
are known explicitly, then
where k is given by (1.14) 
it is enough to know two of
in order to be able to determine A and B. We now give two situations when 
, and then from (1.14) and (1.13) we obtain k = 3 − 2 √ 2 and
. From (1.15) and (1.16) we obtain
Then, from (1.14), we deduce that k = ( √ 6 − √ 2)/4, and, from (1.13), we
These values of K are in agreement with [1, [4] ). Applying Theorem 1.1 to these genera, we obtain,
We illustrate this situation with an example not given in 
and B = η √ −22
.
Then, from (1.14), we obtain k = (1 + √ 2) 
The set of prime discriminants corresponding to d is denoted by P (d). We note that these are coprime in pairs if d ≡ 0 (mod 32). The set of all products of pairwise coprime elements of
It is known that a fundamental discriminant d can be expressed uniquely as a product of prime discriminants, and moreover these prime discriminants are precisely the elements of P (d).
. Also, 
and generally
Next we recall some of the properties of genera. The basic properties of generic characters and genera can be found for example in [2] , [6] . Let p *
∈ P (d) and K ∈ H(d).
For any positive integer k coprime with p * represented by K, it is known that p * k has the same value, so we can set
Genus theory shows that, for any K ∈ G, γ p * (K) has the same value, so we can set γ p * (G) = γ p * (K), and furthermore that
One of the main results of genus theory is the product formula (2.5) (see for example [6, equation (9)]).
together with
We observe that Lemma 2.2 is consistent with
and shows also that there are exactly 2
By (2.4) and (2.10) each
and it is known from genus theory [2, §4.3 ] that these include all the group characters of G(d).
The set F (d) is a group under the binary operation • defined by
The identity element is 1 and each element is its own inverse. As ∆ ∈ F (d), and
is a translation and thus a bijection on
is easily checked to be a homomorphism using (2.6) if d ≡ 0 (mod 32). It is known from genus theory [2] that φ is surjective, and thus |ker φ|
By the theory of group characters, we have
if G is the principal genus, 0 otherwise. (2.14)
The derived genus G m of G. In this section we define the derived genus
where m is a positive integer all of whose prime factors p divide d and satisfy
We begin with the case when m is a prime.
Proposition 3.1. Let p be a prime with p | d, and let G ∈ G(d). Then there is a unique genus
and in the case p f (so that p | ∆),
for the unique q
is a discriminant, and 
and we show that these δ q * satisfy the product formula (2.5). As p | ∆ and ∆ is fundamental, ∆ possesses a unique prime discriminant r * with p | r * , and
Further, if d ≡ 0 (mod 32), then p = 2 and
This completes the proof of the existence of G p in this case. Finally, we observe that for q *
2) we define successively
, we define successively, by (3.3),
It is easy to check that if p and q are distinct primes dividing d, we have
, and this allows us to define the derived genus G m as follows: for m = p 
(by (2.10)) (by (3.2)) (by (2.10))
We now turn to the case p f , so that p | ∆, d 1 
(b) As m | f the asserted result follows by applying part (a) to each prime dividing m taking into account multiplicity.
Null primes and the integers M, Q and U .
It is convenient to introduce the following positive integers:
Definition 4.1. A prime p is said to be a null prime with respect to n and d if
The set of all such null primes is denoted by Null(n, d). Completing the square, we obtain
where X = 2ax + by. In the latter case we see that X = 0 and For d 1 ∈ F (d) and (n, f ) = 1, we set
where µ and ν run through all positive integers with µν = n.
Lemma 5.1. Suppose (n, f ) = 1. Let p be a prime such that p | n and
In the first sum we need only sum over those d 1 satisfying p d 1 , and in the second sum over those
The result now follows by appealing to Lemma 3.1(a) as p f .
where U is defined in (4.2).
P r o o f. This follows immediately from Lemma 5.1 by applying it to all primes p dividing U with multiplicity taken into account.
First reduction formula. Our first reduction formula relates
, where M is defined in (4.1).
In order to prove this result we need a number of lemmas.
Clearly a is represented by the class θ p (K) and
) is also a surjective homomorphism.
Lemma 6.2. Let p be a prime with p | M . Then, for any class K ∈ H(d), we have
R K (n, d) = R θ p (K) (n/p 2 , d/p 2 ). P r o o f. By Lemma 6.1(a) we choose (a, b, c) ∈ K with p a, p | b and p 2 | c so that θ p (K) = [a, b/p, c/p 2 ]. Set S = {(x, y) ∈ Z 2 : ax 2 + bxy + cy 2 = n}, T = (X, Y ) ∈ Z 2 : aX 2 + b p XY + c p 2 Y 2 = n p 2 ,
and define the one-to-one mapping λ : T → S by λ((X, Y )) = (pX, Y ). If (x, y) ∈ S, then as p | n, we see that p | x and λ((x/p, y)) = (x, y). Hence λ is onto, and thus
completing the proof.
Lemma 6.3. Let p be a prime with p | M . Then, for G ∈ G(d), we have
There are |ker θ p | distinct genera of G(d) that are mapped to G p by θ p . As K runs through the classes of these genera, θ p (K) runs through the classes of G p exactly |ker θ p | times. Hence, as K runs through the classes of G, θ p (K) runs through the classes of G p exactly |ker θ p |/|ker θ p | times. Hence
P r o o f o f T h e o r e m 6.1. Theorem 6.1 follows from Lemma 6.3 by applying it to all primes dividing M taking multiplicity into account.
7. Second reduction formula. Our second reduction formula removes from n those primes which divide d but do not divide f .
Before giving the proof of Theorem 7.1, we state and prove a number of lemmas. to (a, b, c ) .
Lemma 7.1. Suppose that p is a prime with p | d and p f . Let K ∈ H(d). Then (a) K contains a form (a, b, cp) with p ac and p
Thus there exist integers α, β, γ, δ with αδ − βγ = 1 and
As p | b we see that p | aβ 2 , so that p | β, say β = β p. Set γ = pγ, so that αδ − β γ = 1 and (7.1) can be rewritten as
, and thus φ p is well-defined. Further 
As p | d and p f , there is only one such q * , which we denote by r * . Clearly r * ∈ P (∆). Hence
Thus we have shown that
and so G = G p .
Lemma 7.2. Let p be a prime with
It is easy to check that (X, Y ) → (pX, Y ) defines a bijection from T to S.
P r o o f o f T h e o r e m 7.1. This theorem follows from Lemma 7.3 by applying it to all primes p dividing U taking multiplicity into account.
Formula for R G (n, d).
We now apply our two reduction formulae (Theorems 6.1 and 7.1) to obtain an explicit formula for R G (n, d).
We begin by recalling Dirichlet's formula, see [5, p. 229] , [4, p. 78] .
The next theorem is a consequence of Theorem 8.2.
then n is represented by at least one class in H(d).
Let G be a genus containing a class which represents n. As (n, d) = 1 we have (n, q * ) = 1 for all q * ∈ P (d). Thus
and so G is unique. Hence
that is,
The formula (8.1) trivially holds if N (n, d) = 0. By Theorem 8.2 and (8.1), we have
where in the case d ≡ 0 (mod 32) each term in the development of
P r o o f o f T h e o r e m 8.1. We have (4.3) ). By Lemma 4.1(a) we have, as Null(n, d)
so that, by Theorem 8.3, we have
and thus, by Lemma 5.2, we obtain
Further, by Lemma 3.1(b), we have
, and the result follows.
P r o o f. As d is fundamental, we have f = 1, M = 1, and Null(n, d) = ∅, and the result follows immediately from Theorem 8.1. N (n, d) . We now use Theorem 8.1 to obtain a formula for N (n, d), which generalizes Dirichlet's formula (Theorem 8.2). Special cases of Theorem 9.1 are given in Hardy and Williams [7, pp. 104-105] and Schinzel and Zannier [11, Lemma 4, p. 48 ].
Determination of
, f /M ) = 1 by Lemma 4.1(a), and Theorem 9.1 follows.
Our next result gives upper bounds for N (n, d). To prove these we need the following two inequalities. Let τ (n) denote the number of divisors of n. Then for any ε > 0 there exists a constant C(ε) > 0 such that We also make use here and in the next section of Gauss's formula
where D is a negative discriminant, and k is a positive integer (see for example [3, p. 217] ). 
we have, by Theorem 9.1,
To prove (a) we use the inequalities
where ε > 0. To prove (b) we use the inequalities
and
R e m a r k 9.1. If (n, f ) = 1, Theorem 9.1 reduces to
This is a generalization of Dirichlet's formula (Theorem 8.2). If d is a fundamental discriminant, then f = 1, and (9.4) holds for all n. This result appears to be known but not well-known. 
Evaluation of the Dirichlet series
The assertion of the theorem now follows by noting that 
